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The big picture
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(] 1 Fundamental Concepts in One Dimension
1.1 Method of Weighted Residuals
1.2 Galerkin Formulation
1.2.1 Descriptive Formulation

1.2.2 Two-Domain Linear Finite Element Example
1.2.3 Mathematical Formulation
1.2.4 Mathematical Properties of the Galerkin Approximation
1.2.5 Residual Equation for C° Test and Trial Functions
One-Dimensional Expansion Bases
1.3.1 Elemental Decomposition: The h-Type Extension
1.3.2 Polynomial Expansions: The p-Type Extension
1.3.3 Modal Polynomial Expansions
2 D I n te rat i O n 1.3.4 Nodal Polynomial Expansions
g .4 Elemental Operations
. . 1.4.1 Numerical Integration
. MetrICS (J aCObIan) 1.4.2 Differentiation
.5 Error Estimates
1.5.1  h-Convergence of Linear Finite Elements
1.5.2 L2 Error of the p-Type Interpolation in a Single Element
1.5.3 General Error Estimates for hp Elements

2 D D iffe re nt i at i O n 5 .6 Implementation of a 1D Spectral/hp Element Solver:

1.6.1 Exercises

. 1.6.2 Convergence Examples
® Metrics

Multi-dimensional Formulation
3.1 Local Elemental Operations
. . 3.1.1 Integration within the Standard Region €4
E I e m e ntal p rOJ eCt I O n 3.1.2 Differentiation in the Standard Region €4
3.1.3 Operations within General Shaped Elements
3.1.4 Discrete Evaluation of the Surface Jacobian
3.1.5  Elemental Projections and Transformations
3.1.6  Sum Factorisation/Tensor Product Operations
G IO b aI Asse m b |y .2 Global Operations
3.2.1 Global Assembly and Connectivity
3.2.2 Global Matrix System
3.2.3 Static Condensation/Substructuring
3.2.4 Global Boundary System Numbering and Ordering to Enforce Dirich-
let Boundary Conditions
Pre- and Post-Processing Issues
3.3.1 Boundary Condition Discretisation
3.3.2 Elemental Boundary Transformation
3.3.3 Mesh Generation for Spectral/hp Element Discretisation
3.3.4 Global Coarse Meshing
3.3.5 High-Order Mesh Generation
3.3.6 Particle Tracking in Spectral/hp Element Discretisations
Exercises: Implementation of a 2D Spectral/hp Element solver for a Global
Projection Problem Using a C° Galerkin Formulation
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Integration:Gaussian Quadrature

1

-1 wt? = [ =€y,
(1= + & F(&)de =Y wllf (&) + R(f) -

b wa=[xl—o%1+@%@w@ma

1

o (Gauss quadrature is obtained if £ = 1. Gauss quadrature use zeros which lie inside

the domain, —1 < ¢, <1 forp=0,...,Q — 1. Gauss quadrature is exact for f(&)
being a polynomial order P < 2() — 1; -0—0 0 0—0-

U

o Gauss-Radau quadrature is given by k£ = 2. This quadrature uses one point at the
end of the domain, usually {, = —1. The rest lie inside the domain, —1 < &, < 1
forp=1,...,Q —1. Gauss-Radau quadrature is exact for f(£) being a polynomial

order P < 2¢) — 2; 0—0—0 - 0—0H
e Gauss-Lobatto quadrature is defined by k = 3. Here both end-points of the domain

are used, §, = —1 and {g_1 = 1. The remaining zeros lie inside the domain,
—1 < <lfori=1,...,Q—2. Gauss-Lobatto quadrature is exact for f(£) being
a polynomial order P < 2() — 3. 0~0—0 0 0—0-0

Polylib at http://www.nektar.info

Nektar++ Course Notes: Section 1.4.1.1.
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Numerical Integration: general segment

f(x)dz,
()e

fayde. = [ Jip (e, Iip = oo

Elemental mapping /
e

| | | | |
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I/n, 21/n, 31/n, 41/n, 51/n,
VY

h = 1/n,
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Integration: Standard Quadrilateral
StdRegions::StdQuadExp::Integral()

1 1
42 ’U,(§17§2) dgl d€2 _/1{/1 ’Uf(€17§2) . dgl}dfg

Q1—1
/Q2 u(&1,&2) d€r dSo > wiu(§1i7€2j)}
i=0

18— B¢

2[99 Q1 =Q2=5
S

-1,-1 > [,-1
&1

Course Notes: Section 3.1.1.1
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Integration: Standard Triangle
StdRegions::StdTriExp::Integral()

| uter&) asude: / / ) dé1dés
- /_1/_1“ 1a<m’f£)>
l1—n

: n2 = &o. /_1/_1U(771,772)<1_—)
Weighted quadrature: [ o o0 +or

I | 2
/ / u(m, m2) (F52) dmdne = Z woo{ E UAJ;’OU(UliaUQj)}
—1J-1 —0

Nektar++ Course Notes: Section 3.1.1.2.



Mapplng metrics: Jacobian

b)

/ u(wy, x2) dry dry = / u(€1,&2)|Jop| d&1 dEs,
Qe Qst

8331 (9x1
: . _ @f af B 0x1 0xo 0x1 0o
Jacobian: 0= a5, 9z, | 7 o, vg, ~ 06, 08,

061 06

Note Jacobian requires differentation with respect
to standard coordintates

Nektar++ Course Notes: Section 3.1.3.1 & 3.1.3.3




Integration: General 2D Elements

/ u(iL’l,ZIZQ) diIZl d.CUQ :/ u(£1,€2)|J2D| dfl d€27
Qe
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Course Notes: Section 3.1.3.3
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(] 1 Fundamental Concepts in One Dimension
1.1 Method of Weighted Residuals
1.2 Galerkin Formulation
1.2.1 Descriptive Formulation

1.2.2 Two-Domain Linear Finite Element Example

1.2.3 Mathematical Formulation

1.2.4 Mathematical Properties of the Galerkin Approximation
1.2.5 Residual Equation for C° Test and Trial Functions
One-Dimensional Expansion Bases

1.3.1 Elemental Decomposition: The h-Type Extension

1.3.2 Polynomial Expansions: The p-Type Extension

1.3.3 Modal Polynomial Expansions

2 D I nteg rat i O n » 1.3.4 Nodal Polynomial Expansions
~>

Elemental Operations
. . 1.4.1 Numerical Integration
. MetrICS (J aCObIan) 1.4.2 Differentiation
.5 Error Estimates
1.5.1 h-Convergence of Linear Finite Elements
1.5.2 L? Error of the p-Type Interpolation in a Single Element
1.5.3 General Error Estimates for hp Elements

2 D D iffe re nt i at i O n 1.6 Implementation of a 1D Spectral/hp Element Solver:

1.6.1 Exercises

. 1.6.2 Convergence Examples
® Metrics

3\, Multi-dimensional Formulation
Local Elemental Operations
. . Integration within the Standard Region g
E | e m e n ta | p rOJ eCt I O n 1. Differentiation in the Standard Region 2
.1.3  Operations within General Shaped Elements
Discrete Evaluation of the Surface Jacobian
Elemental Projections and Transformations
Sum Factorisation/Tensor Product Operations
G IO bal Asse m b |y .2 Global Operations

3.2.1 Global Assembly and Connectivity

3.2.2 Global Matrix System

3.2.3 Static Condensation/Substructuring

3.2.4 Global Boundary System Numbering and Ordering to Enforce Dirich-
let Boundary Conditions

Pre- and Post-Processing Issues

3.3.1 Boundary Condition Discretisation

3.3.2 Elemental Boundary Transformation

3.3.3 Mesh Generation for Spectral/hp Element Discretisation

3.3.4 Global Coarse Meshing

3.3.5 High-Order Mesh Generation

3.3.6 Particle Tracking in Spectral/hp Element Discretisations

Exercises: Implementation of a 2D Spectral/hp Element solver for a Global

Projection Problem Using a C° Galerkin Formulation
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Numerical Differentiation

P P P
Elemental u5(g;) = Zﬁpgbp(x_l) = Zﬁqup(f), = Zu@p)hp(f)
p=0 p=0 p=0

representation:

) )
Chain rule: du — du” dg

dr | d€ ldx

| | | | |
I/n, 21/n, 31/n, 41/n, 51/n,
Ve

h = 1/n,

Collocation du (&)
differentiation:

Collocation
property:

Nektar++ Course Notes: Section 1.4.2, Appendix C




Numerical Differentiation:
Standard 2D regions

P, P Qi—1Q2—-1

U(S(fl,&) — Zzﬁpqupq(fl,@)a H U(S(fla@) - S: S: Upq hp(€1)hqe(&2),

p=0 ¢g=0 V p=0 q=0 !

Course Notes: Section 3.1.2.1
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Numerical Differentiation: Standard Quad
StdRegions::StdQuadExp::PhysDeriv()

P, P Qi1—1Q2—

u’ (&1, &2) ZZUPC]¢ZW §1,62), P U u’(1,&) = Y 7 Upg

p=0 q=0 p=0 ¢=0

Upqg = Ué(flpa §24),

-1,1

a 1 2
azjl 51 52 ZZ Upg dfl

p=0 g=0

(Slz 52])

551

ou?

852 (6127 623)

Course Notes: Section 3.1.2.1
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Numerical Differentiation: Standard Tri
StdRegions::Std TriExp::PhysDeriv()

Py,P>

u’ (€1, 62) = Z Upg Ppq(111,72) ey
P,q

21+ &)
m = (1 — 52)
/ 2 9,
(1 —mn2) Om

_17

06,

0 (1+m) 0
\0—52/ \2(1—772)3771

Apply chain rule:

Neke Course Notes: Section 3.1.2.1
ektar++



Numerical Differentiation: Local Regions
LocalRegions::QuadExp/TriExp::PhysDeriv()
™ -9 7 [ 04 O 0E, O -

Oy

0y 351

" 0z1 06, X1(€17€2)
X2(§1, 52)
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Course Notes: Section 3.1.3.4
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Elemental forward transform
LocalRegions: QuadExp/TrlExp FwdTrans()

Expansion:
Approximation: u’ (61, 62) — ul1,&2) =
(Z apq¢m(£17€2)> — U(fl,fz) = R(u)

Method of weighted (v, ) dipgdpg) — (v,u) =
residual: P»q

(CL, b) — / ab dx (vvzﬁpqupq) —
e p,q

Course Notes: Sections .l & 3.1.5.3

Nektar++



Elemental forward transform
LocalRegions::QuadExp/TriExp::FwdTrans()

(v, Z UpgPpq) = (v, w).

Galerkin weight: v(£1,&2) = ¢r5(&1,&2). |fl>(¢rs,zﬁpq¢pq) = (¢Prs, u)

f ; p,q

Z(¢T$7 gbpq)ﬁ’pq — (gb’rs; u)a

p,q

M[Z] []] — /Qe qbi(r,s)(xh$2)¢j(p,q)(331,372>d5131d$2 ﬁ[@]

fi] :/ ¢i(p,q)U(£U1,SE2)d£U1d£U2
Qe

a=M"If

Course Notes: Section 3.1.5.3
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Elemental Mass matrix structure

Segment expansion P =15

q=0

Triangular expansion P=14

Boundary-Boundary
Matrix

Upper Bandwidth
(P-2)+(P-3)+1

Interior-Boundary
Matrix

.. EEEC T
* Interior-Boundary
Matrix )
(P-2)(P- 3 (Symmetric) N

Interior-Interior ™
Matrix

Nektar++
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Global Assembly

e (Classical continuous Galerkin FEM
e 2nd order PDE: Vau — \u = —f
e Co0 continuity sufficient.

e Use boundary interior decomposition
to make continuous expansion.
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Global Assembly

i = Af,

O OO OO oo o
OO OO O oo+ o
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OO OO, OO oo
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Course Notes: Sections 1.3.1.4 & 3.2.1
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Global Assembly

"
Uy
Us
U3
Uy
Us

L a6 -

Global Numbering

OSSO OO~ FH OO
OO OO, OO oo
OO R = OO OoOo o
O R OO O oo oo

|
OO OO O oo o
SO OO OO oo~ Oo
_ o O O O o o oo
L

-

,  map[2][p] = ,  map[3][p] =

fore=1: N
forp=0: P°
for g =0 : P¢
M, |[mape]|p|][maple][g]| =
end M, |maple][p]|[maple]|q|] + M*|p|[q]

end
end

Course Notes: Sections 1.3.1.4 & 3.2.1
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Nektar++ code

StdRegions library

StdExpansion

[

StdExpansion1D

StdExpansion2D

StdExpansion3D

1 objects of these

StdSegExp

StdQuadExp

classes contain:

StdTriExp

expansion on standard element u(&;) =

J

StdHexExp

StdPrismExp

StdPyrExp

o the basis ¢,(§;)
o the coefficients a,
o the physical values u(&;)

o data:

StdTetExp

>
S
©
=
Z
L]
wn
g
g
o0
Q
&
®
Q
Q
—

HexExp

PrismExp

objecs of these classes contain:
expansion on local element u(z;) = - dp(x:)i,
o the basis ¢,(x;)

PyrExp

TetExp

o the coefficients 1,

SpatialDomains library

: objects of these classes contain:
ithe geometry of an_element
e data:

o afstandard expansion| (a parametrix mapping from a standard

L]

' . . .

' to the local element, which entirely describes the geometry)
L] . . . .

' o the geometric factors of the transformation (Jacobian, ...)

Geometry
)

VertexComp

Geometry2D

GeometrylD

Geometry3D

A

T— EdgeComp QuadFaceComp

- HexGeom

SegGeom QuadGeon

TriFaceComp

TriGeom

PrismGeom

PyrGeom

TetGeom

o the physical values u(x;)
o the jgeometry] of the element

MultiRegions library

ExpList
)

ExpList1D ExpList2D ExpList3D

ContExpList1D ContExpList2D ContExpList3D

LibUtilities library

E this library contains:
iseveral utilities supporting the other libraries
e linear algebra routines
e block-matrix routines
e data managers and memory pools
e polynomial manipulation routines

[} [ [

ContField1D ContField2D ContField3D

DisContField1D DisContField2D DisContField3D

objects of these classes contain:
expansion on a global region u(x;) = >° > ¢h(;)u;
e data: o a list of{local elemental expansions
for the classes ContExpListiD, ContFieldiD, DisContFieldiD:
o the global coefficients 49
o a mapping array from the local to the global degrees of freedom
for the classes ContFieldiD, DisContFieldiD:
o information about the boundary conditions




