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Fundamental Concepts in One Dimension
1.1 Method of Weighted Residuals
1.2 Galerkin Formulation

® 1.2.1 Descriptive Formulation
1.2.2 Two-Domain Linear Finite Element Example
| I I 1.2.3 Mathematical Formulation
1.2.4 Mathematical Properties of the Galerkin Approximation

1.2.5 Residual Equation for C° Test and Trial Functions
One-Dimensional Expansion Bases

1.3.1 Elemental Decomposition: The h-Type Extension
1.3.2 Polynomial Expansions: The p-Type Extension
1.3.3 Modal Polynomial Expansions

1.3.4 Nodal Polynomial Expansions

Elemental Operations

1.4.1 Numerical Integration

1.4.2 Differentiation

e 1D formulation of Helmholtz 5 B e

1.5.1  h-Convergence of Linear Finite Elements

P ro b | e m 1.5.2 L2 Error of the p-Type Interpolation in a Single Element
1.5.3 General Error Estimates for hp Elements
Implementation of a 1D Spectral/hp Element Solver:

e FElemental formulation e B
‘ G I O b aI asse m b Iy Multi-dimensional Formulation
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3.1.2 Differentiation in the Standard Region €4

3.1.3 Operations within General Shaped Elements
p ro b | e m 3.1.4 Discrete Evaluation of the Surface Jacobian

3.1.5 Elemental Projections and Transformations

® G IO b aI aS Se m b Iy - | éiﬁal Soli)rzlri‘g(;‘;osrisation/ Tensor Product Operations

3.2.1 Global Assembly and Connectivity

3.2.2 Global Matrix System

3.2.3 Static Condensation/Substructuring

3.2.4 Global Boundary System Numbering and Ordering to Enforce Dirich-
let Boundary Conditions

Pre- and Post-Processing Issues

3.3.1 Boundary Condition Discretisation

3.3.2 Elemental Boundary Transformation

3.3.3 Mesh Generation for Spectral/hp Element Discretisation

3.3.4 Global Coarse Meshing

3.3.5 High-Order Mesh Generation

3.3.6 Particle Tracking in Spectral/hp Element Discretisations

Exercises: Implementation of a 2D Spectral/hp Element solver for a Global

Projection Problem Using a C° Galerkin Formulation
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Helmholtz problem

Poisson Equation:  V?u — \u=f

52’& au
|D:; Lw) = @—)\UWLJC—O, u(0) = gp, 8_x(l) = gy

. [ 2 [ [
Integral formulation ,ou _/ \ou dr +/ vf dx = 0.
(MWR): o 027 o
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Integrate by parts: / v dr = {
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Weak formulation: /——+/ AV da::/ vf dxr + |v
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Enforcing Neumann BC’s:
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Helmholtz problem:

Imposing Dirichlet boundary conditions
|D: Luw)= % —Au+ f =0, u(0) = gp, %(l) = g

ov Ou ou

[ [ [ [
Weak formulation: / — — +/ AV daz:/ vf dx + [v—]
0 @CIZ 858 0 0 833 0

Lift BC: u5 — P + ult UD(O) = gp uH(O) =(
(Homogenize problem)
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Discrete Approxmatlon

Global approxmatlon C?

U= U —Zuz
i

global base

uP(0) = gp u"(0) = 0

Local approximation
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Discrete spaces

Global approxmatlon C?

U= U —Zuz
i

global base

uP(0) = gp u"(0) = 0

Local approximation
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Putting it all together
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Putting it all together
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Putting it all together
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Putting it all together
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Global Assembly

Global
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global bases
D;(x)

Figure 3.9
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local bases

Do e = l,Nel
Do?1=0.NS —1

continue
continue

Course Notes: Sections 1.3.1.4 & 3.2.1



Matrix Construction
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Matrix construction

global bases
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Course Notes: Sections 1.3.1.4 & 3.2.1
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@°[i] = dg[maple][i]]
continue
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2/3D Helmholtz problem

Veu — du = —f

Integra.I /UVQUCZX—/ )\udX:—/vde
formulation: |/q Q Q

O Q)

theorem: on

ou

Weak form: / VoVu + A\udx = / vfdx + v— ds
Q Q o On

Dirichlet BC: v =u"” +4"  Neumann BC: Vgpr dS
5O

Nektar+4 Tutorial 3, exercise |



Global assembly

Triangle 1 Triangle 2 Triangle 1 Triangle 2

o>

Local Numbering Global Numbering

Doe=1,Ng Do e = .1,Nel
Do i = 0,N,,° — 1 Doi=0,Nn" -1
a°[i] =[Signle]i i = Iy[maple][d]] = Ig[maple][i]]
continue Hsignle|[z] - I [i]
continue continue
continue

Course Notes: Section 3.2. 1
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2D Global Assembly: Modal

Element 1 Element 2 Element 1 Element 2

> ’ 21
0 2 S ,? 0 0 22 5
9 8

23

789 151413101112 654 91011 171615151617 201918

12 15 14 26
11 14 0 13
10 3(3 13 4} 12 3(3 %451

Local Numbering — Global Numbering
RS

S XSS

Sign change <

required when
local coordinates
reversed

Nektar++ Course Notes: Section 3.2.1.1.



2D Global Assembly: Nodal

Element 1 Element 2 Element 1 Element 2

1654-()*29871 1 8 7 6 0[0 23 22 21 §
7 15 |10 6 9 17 (17 20

8 14 | 11 5 10 16 |16 19
4

9 13 |12 11 15 |15 18
0
2 10 11 12331314154_4 2 12 13 14 3|3 24 25 26 4

Local Numbering Global Numbering

Numbering
altered when
local coordinates
reversed

Nektar++ Course Notes: Section 3.2.1.1.
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Nektar++ code

StdRegions library

StdExpansion
A

StdExpansionlD| |StdExpansion2D| |StdExpansion3D

1 objects of these

J

StdQuadExp - StdHexExp

StdSegExp

StdPrismExp

StdTriExp

classes contain:
expansion on standard element u(§;) =
o data: o the basis ¢,(§;)
o the coefficients a,
o the physical values u(€;)

StdPyrExp

StdTetExp

LocalRegions library

HexExp

PrismExp

objecs of these classes contain:
expansion on local element u(z;) = - dp(x:)i,
e data: o the basis ¢,(x;)
o the coefficients 1,
o the physical values u(x;)
o the jgeometry] of the element

PyrExp

TetExp

SpatialDomains library

: objects of these classes contain:
ithe geometry of an_element

e data: o astandard expansion| (a parametrix mapping from a standard
to the local element, which entirely describes the geometry)

o the geometric factors of the transformation (Jacobian, ...

Geometry VertexComp

[}

Geometry3D

GeometrylD Geometry2D

3
T— EdgeComp QuadFaceComp - HexGeom

SegGeom QuadGeon

PrismGeom

TriFaceComp

TriGeom

PyrGeom

TetGeom

MultiRegions library

ExpList
)

ExpList1D ExpList2D ExpList3D

ContExpList1D ContExpList2D ContExpList3D

LibUtilities library

this library contains:

' e . . .
iseveral utilities supporting the other libraries

e linear algebra routines
e block-matrix routines
e data managers and memory pools
e polynomial manipulation routines

[} [ [

ContField1D ContField2D ContField3D

DisContField1D DisContField2D DisContField3D

1 objects of these classes contain:
1 expansion on a global region u(z;) = >, >, ¢4 (:)1;,
e data: o alist of local elemental expansions
for the classes ContEzpListiD, ContFieldiD, DisContFieldiD:
o the global coefficients @9
o a mapping array from the local to the global degrees of freedom
for the classes ContFieldiD, DisContFieldiD:
o information about the boundary conditions




