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The big picture
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Classic linear finite elements
expansion

global bases
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Polynomial Expansion

1.3.2.1 Construction of a Polynomial Expansion

In an hp elemental discretisation we can apply a polynomial expansion of any order within
each elemental region. It is therefore appropriate to start our discussion of p-type methods
by considering what makes an acceptable p-type expansion in a single domain.

The steps involved in designing an elemental p-type expansion, which we will also later
adopt in constructing the unstructured basis in section 2.2, are:

e Determine a favourable expansion within a standard region.
e Modify the expansion so that it can easily be numerically implemented.

In the first step, a favourable expansion is typically an orthogonal or near orthogonal set of
functions within the standard regions. In the second step, the computational considerations
of implementing this basis are taken into account and the basis is modified, if necessary, to
facilitate this process. Typically, the basis is decomposed into contributions on the boundary
and interior of the standard region since this simplifies the elemental decomposition process.

Nektar++



Choice of an Expansion Bases
Consider three expansion:

1. e CID;;‘ (x), increases the order of x is a moment expansion (each

order contributing an extra moment to the expansion).

e Basis i1s hierarchical modal.

2. ® be () is a Lagrange polynomial based on a series of P + 1

nodal points z,.
e Lagrange polynomial is a non-hierarchical basis

e The Lagrange basis has the property that ®(x4) = dpq

ué(x) — Zﬁp@f(x)a

3. ®7(x), is a hierarchical modal expansion.

e Based on the Legendre polynomial L,(x). which is orthogonal

in the Legendre inner product

/11 L ()L (2)dz = (%%) 5

Nektar++ Notes section: |.3.2.1



Choice of an Expansion Bases
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Legendre expan5|on

A ={¢]-1<E <1}

1
¢2(§)= 10 5
\/

1

Op(§) = Lp(§)

1
facobi [ (12 (L4 ) P2 )
Polynomials ~1
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Boundary-Interior Decomposition

e “Best” choice for our expansion appears to be the Legendre

polynomial.

e But also want to combine the expansion with the h-type elemental

decomposition.

e Difliculty arises when we try to ensure a degree of continuity in the

global expansion at elemental boundaries.

e Numerically efficient way of achieving C continuity is to design an
expansion where only some modes have a magnitude at elemental

boundary

e This type of decomposition is known as boundary and interior

decomposition.

Nektar++ Notes section: |.3.2.2



P-type finite elements

Po(E)= 10 9,8)= ———>10

A ={¢]-1<E <1}
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Spectral Elements

10 9:8)= > T

Qu ={§]-1<¢E< 1},

€- e+

\ P<P+ 1>LP<€p)(€p R f) ’

otherwise ,

P P
Collocation property: us(&) = > iphp(&y) = D tipbpg = .

Nektar++ Notes section: |.3.4.2



Spectral element
Conditioning:

0
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Lagrange nodal expansions through the equi-spaced points for polynomial orders of

Moment expafsion P =5,10,15 and 20.
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Polynomial order

Lagrange nodal expansions through the Gauss-Lobatto points for polynomial or-
ders of P = 5,10,15 and 20.
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Spectral element/P-type finite element

(52 q)pq(f%p%z) =P, (&1) wZ(Ez) -

hy(s) b

)
| [ |
|
|
\ 1 |
> {> z 31
= : >

. hy(s)
LN

Spectral element - collocation basis
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Tensor product bases & sum factorisation

¢pq(§1,§2) = TP;(%) IPZ(gz)

Inner product:

¢pq(€1 E)u(éy, &) meq 1,0, &2,5)u(éri, &)
LLWL (€1,1)9q (€2,5)u (51,1752,3‘) ~ O(P*)

Z¢ glz fq(€2a ) NO(PS)
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Unstructured coordinate system

(1,1)

&1

2 coordinates in

2 dimensions
(rotationally symmetric)

3 coordinates in

2 dimensions
(rotationally symmetric)

2 coordinates in
2 dimensions

(not rotationally symmetric)
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Collapsed coordinate system

L) (D)

,Zst: 1,M2) | — LM, < :
T = {(&,&)] —1<6,&:6+ & <0} {tm,m) =1 <m,m <1}

7712281_2;_17 7722527

Analogous system used in cylindrical coordinate system
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Hybrid element coordinate systems
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Orthogonal Expansion

i

1T)Zq(nz)

Principal functions:
a 0,0
¥p(2) = B (2), pa

Generalised tensor products:
e Quadrilateral expansion: ¢p,(§1,82) = 95 (§1)Y5 (&2), 0<p,q, <P

e Triangular expansion: bpq(E1, &) = Jg(nl) Ngq(ng) . 0<p,p+q <P,

Nektar++ Notes section: 2.2.2. 1



PKD Orthogonal

Principal functions:

~

(= PG, Bl(e) = () B
e Triangular expansion: Gpq(E1,E2) = {D/g(m){bvgq(ng)

1

i i5 (&1, €2)Ppqg (&1, §2)dE1dE2 = / Of (m)3; (n2) g (m ) g (o)

1Jo1 = E—

1 « ' J
1 1 o ? 1 o p )
/ PiO’O(m)P]?’O(m)dm/ ( 2772> ( 2772> Pj2 “’0(772)13(]2?“’0(772)(
1

—1

CipOip Cjq0jq 1 i=p

/1 (1—2)*(1+2)° P3P (2) PP () d€ = Cyi
—1
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Modified Dubiner Expansmn

Modified Principal Functions:

- -
~ v v
Generalised tensor products: W

e Quadrilateral expansion: ¢,,(&1,82) = ¥, (§1)¥; (&2) |

e Triangular expansion: Gpq(E1, &) = %@" (71) f;q(nz) :

Nektar++ Notes section: 2.2.3. 1
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Nektar++ code

StdRegions library

StdExpansion
A

StdExpansion1D

StdExpansion2D| |StdExpansion3D

1 objects of these

J

StdQuadExp < StdHexExp

StdSegExp

StdPrismExp

StdTriExp

classes contain:
expansion on standard element u(&;) =
o data: o the basis ¢,(§;)
o the coefficients a,
o the physical values u(€;)

StdPyrExp

StdTetExp

LocalRegions library

HexExp

PrismExp

objecs of these classes contain:

PyrExp

expansion on local element u(z;) = - dp(x:)i,

e data: o the basis ¢,(x;)

TetExp

o the coefficients 1,

SpatialDomains library

: objects of these classes contain:

ithe geometry of an_element
e data:

o afstandard expansion| (a parametrix mapping from a standard

L]

L]

' to the local element, which entirely describes the geometry)
L] . . . . .

' o the geometric factors of the transformation (Jacobian, ...

Geometry

[}

VertexComp

GeometrylD

Geometry2D

Geometry3D

A

T— EdgeComp

QuadFaceComp

- HexGeom

SegGeom

QuadGeon

TriFaceComp

TriGeom

PrismGeom

PyrGeom

TetGeom

o the physical values u(x;)
o the jgeometry] of the element

MultiRegions library

ExpList
)

ExpList1D ExpList2D ExpList3D

ContExpList1D ContExpList2D ContExpList3D

LibUtilities library

[}
1 this library contains:

' e . . .
iseveral utilities supporting the other libraries

e linear algebra routines
e block-matrix routines

e data managers and memory pools
e polynomial manipulation routines

[} [ [

ContField1D ContField2D ContField3D

DisContField1D DisContField2D DisContField3D

objects of these classes contain:
expansion on a global region u(x;) = >° > ¢h(;)u;
e data: o a list of{local elemental expansions
for the classes ContExpListiD, ContFieldiD, DisContFieldiD:
o the global coefficients 49
o a mapping array from the local to the global degrees of freedom
for the classes ContFieldiD, DisContFieldiD:
o information about the boundary conditions




